Abstract: Considering arbitrary conformal field theories in general (non-conformally flat) backgrounds, we adopt a dimensional regularization approach to obtain stress tensors from Weyl anomalies. The results of type A anomaly-induced stress tensors in four and sixdimensions generalize the previous results calculated in a conformally flat background. On the other hand, regulators are needed to have well-defined type B anomaly-induced stress tensors. We also discuss ambiguities related to type D anomalies, Weyl invariants and order of limit issues.
Introduction
Conformal (Weyl) anomalies ( [1] , [2] , [3] , [4] , [5] ) have been important in conformal field theory, renormalization group flow, entanglement entropy and string theory. The conformal (Weyl) transformation is defined by: g µν (x) = e 2σ(x) g µν (x) = Ω 2 g µν (x) .
(1.1)
A conformally flat background implies that we can take g µν = η µν . Conformal anomalies are also called trace anomalies because of the non-vanishing trace of the stress tensor of a (even dimensional) conformal field theory embedded in a curved spacetime background.
The anomaly coefficients (or central charges) show up in the trace of the stress tensor,
Here E d is the Euler density in d dimensions (Type A anomaly). Our convention for the Euler density is that On the other hand, the main problem when studying any quantum field theory is to determine the renormalized energy momentum tenser (stress tensor). It was shown that the stress tensors of arbitrary conformal field theories in a conformally flat background could be obtained purely from the trace anomalies ( [6] , [7] , [8] ) without the knowledge of a Lagrangian and without supersymmery requirements. The purpose of the present paper is to generalize the results in [6] to arbitrary general (non-conformally flat) backgrounds using the dimensional regularization method.
Besides additional calculations needed for obtaining the stress tensors in general backgrounds, there is a conceptual obstacle: When one wants to obtain the stress tensor from type B anomalies via dimensional regularization, a subtle issue regarding a well-defined n → d limit appears. In fact, this issue was mentioned in [7] where they argued that dimensional regularization could only work when using conformal flatness. We will detail this issue and also provide a solution to it in Sec. 3.
The organization of the paper is as follows: In Sec. 2, we define our notation by reviewing the strategy of obtaining the stress tensor in a conformally flat background [6] .
In Sec. 3.1, we discuss the main issue of having a well-defined dimensional regularization method when the spacetime is not conformally flat. Our main formula will also be given in this section. In Sec. 3.2, we obtain the corresponding stress tensors from type A anomalies in 4D and 6D in general backgrounds. These results generalize the previous results calculated in a conformally flat background ( [6] , [7] , [8] ). In Sec. 3.3, we obtain the 4D type B anomaly-induced stress tensor in general backgrounds. We also discuss the appearance of the term ∼ D 2 R from the type B anomaly. We will comment on various ambiguities related to Weyl invariants in Sec. 3.4, where the 4D type D anomaly-induced stress tensor is also given. In the final discussion section, we compare our 4D results with the literature.
Stress tensors in Conformally Flat Backgrounds
Here we first review the strategy of obtaining the stress tensors in conformally flat backgrounds ( [6] , [7] , [8] ). Let Z[g µν ] be the partition function. The effective potential is given
The expectation value of the stress tensor T µν is then defined by the variation of the effective potential with respect to the metric. For a conformally flat background,ḡ µν (x) = e 2σ(x) η µν , we normalize the stress tensor in the flat spacetime to be zero. The (renormalized) stress tensor is given by
It could be shown that the following equation determines the general relation between the stress tensor and the trace anomalies [7] :
Here we have normalized the stress tensor of flat spacetime to zero. In the scheme with no type D anomalies, we further assume [6] that we could always re-write the anomalies as σ−exact forms using the following identities:
3)
We do not alter E d in moving away from d dimensions but we alter the form of the I
We ignore lim n→d in (2.4) for the simplicity of the expression. The n-dimensional Weyl tensor is given by
Factoring out the sigma variation in (2.2) and setting the integration constant to zero in flat spacetime, one obtains an intermediate formula
Following the argument in [6] and [7] that the type B anomalies do not contribute to the stress tensors in a conformally flat background due to the fact that there are at least quadratic Weyl tensors defined in the type B anomalies, the stress tensor in a conformally flat background then could be obtained by varying only the Euler density and is given by [6] :
where the factor of (n−d) would be eliminated when using the conformal flatness condition by contracting with δ ν j µ j .
3 Generalization to Non-Conformally Flat Backgrounds
General Strategy
Using (2.6), we saw in (2.7) that the
could be cancelled by a factor of (n − d) in the conformally flat case after the metric variation. Thus, the limit n → d is well-defined.
However, for general (non-conformally flat) backgrounds, we need to check that the limit n → d can be still well-defined.
In the type A case, we do not have this issue because the type A anomaly is a topological quantity.
1 This means that in the type A anomaly part, after the metric variation in (2.6), it always gives us the form 0 0 in the limit n → d, thus we can adopt L'Hôpital's rule to obtain meaningful results. We will use the following identity for the type A anomalies:
In the type B case, we will need a regulator to have a well-defined limit n → d. (Notice that type B anomalies are generally not invariant under the metric variation.) Let us 1 One might think the fact that the variation of the Euler density with respect to the metric vanishes in integer dimensions would imply type A anomalies must give terms all proportional to (n − d) to some positive powers after the metric variation. But it is not true. Let's take 4D as an explicit example: In 4D, the metric variation on the type A anomaly in fact would give additional terms that are not proportional to (n − 4):
In 4D only, the above expression vanishes as an identity. Hence the metric variation of the 4D Euler density indeed vanishes. A similar structure would apply for higher dimensional conformal field theories' type A anomalies.
consider the following identities:
where we add a term that is essentially the type B anomaly in a given dimension, which is by definition a Weyl invariant quantity. The method to get rid of the infinite contribution is as follows: After the metric variation, the parts without the additional term in (3.3)
could be written symbolically as
Then the function g(R, W ) that causes the infinite contribution now will be combined with the additional term's contribution:
Treating the additional term as a regulator, we now could safely use L'Hôpital's rule
Thus, the stress tensors from the type B anomalies contain the following two finite parts:
Notice that one only needs to add the regulator for type B anomalies and the additional term will not affect the numerical results (since its derivative with respect to n is zero);
The regulator is introduced to have a L'Hôpital's rule method.
The fact that the regulator is needed for a well-defined effective action of the type B anomaly agrees with [1] , but here we use a different kind of effective action that is given by re-writing trace anomaly as a σ-exact form.
Let us now express the full formula more precisely. Denote
Then we factor out the sigma variation (from (2.2)) to get
We further re-write the above expression as
which simply denotes the same curvature tensor forms but only withḡ replaced by g. (3.9)
is the main formula that we will be using in the following sections.
Type A
In the 4D case, we obtain
where (c.f ) denotes the conformally flat case. The 4D stress tensor in a conformally flat background is given by ([6] , [7] , [8] )
Notice that (3.11) is obtained by rewritting Riemann tensors into Weyl tensors in order to factor out the (n − 4) factors. After rewritting Riemann/Weyl tensors into Weyl/Riemann tensors, we should treat the remaining tensors as dimension-independent variables. The topological nature of the type A anomalies implies that we can use the L'Hôpital's rule on lim n→4
, which gives zero. Thus, the result is
where the extra term ∼ R cd W a b c d vanishes once traced. This result computed in a new way agrees with [9] . Let us now consider order of limit issues. In this 4D type A case, we
where
is the only Weyl invariant in 4D. Note that (3.14) gives zero because of the nature of I (4) which transforms covariantly. We also have backgrounds. We obtain a new result in 6D that (to our knowledge) was not computed before : 17) where the 6D stress tensor in a conformally flat background is given by [6] 
1 + 2I where I
1 and I when taking the lim n→d , as we have mentioned before. Then, after the metric variation, the result from the 4D type B anomaly is given by
where we have used L'Hôpital's rule to drop lim n→4 (....) part 3 . In this case, we have
When the 2 3
D
2 R term appears in the 4D trace anomaly, one can relate it to an R 2 term in the effective action. However, here it shows up as an artifact of dimensional regularization. By taking the n → 4 limit, we have used
where W (n) is defined in (2.5). We factored out the σ variation, Then the stress tensor was obtained after the metric variation. We found This process could be formally re-expressed as
27) 3 We have: lim n→4
which gives
The divergent first term will be cancelled by the regulator. In 6D, there are three kinds of type B anomalies so that three regulators are needed.
One can derive the corresponding transformed stress tensors following the same method we developed here. But the results will be very lengthy so that we do not present then
here. Moreover, we will soon comment on ambiguities related to the type B anomalies in the following sections.
Type D and Ambiguities
The type D anomalies give the first kind of arbitrariness in the formulation. In 4D, there is only one kind of the type D anomaly given by:
where γ ≡ d 4 represents the corresponding type D central charge. This anomaly can be generated by using the following identity
Obviously, there is no n → d problem here. The stress tensor corresponding to this anomaly is therefore given by the metric variation on the R 2 term. We have
(3.31) 4 One can further check that the orders of taking the metric variation and n → 4 expansion commute.
Since one could introduce a counterterm in the effective action to cancel this anomaly, this contribution is arbitrary. In this paper, we will not consider results of stress tensors derived from the 6D type D anomalies, which would presumably lead to lengthy expressions. We refer readers to [13] for the expressions of all possible type D anomalies in 6D.
Going back to the case of 4D type B anomaly, (3.24), one might ask about lim n→4 and lim W →0 order of limits issue since we consider lim W →0 T (B) ab = 0 under the scheme that the type B central charge does not contribute to the stress tensor in a conformally flat background [6] .
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Our answer to the above question is that there is no definite contribution to the stress tensor from the type B central charge because of various ambiguities related to Weyl tensors.
Recall that the main strategy in the dimensional regularization approach is to re-write the trace anomaly into a σ-exact term. However, one has some arbitrariness that can be added in the effective action:
with an arbitrary coefficient. This term only modifies the coefficient of the type D anomaly, which is arbitrary as mentioned before;
(2) σ-variation invariant terms such as (n − 4) × d 4 x √ −g type A/B anomaly with an arbitrary coefficient. But notice that the type A anomaly is topological, so it will not contribute to the stress tensor.
By using the first kind of arbitrariness, it is found that if we instead use the following
we could modify (3.24) by adding contributions from the metric variation on the R 2 term.
We then have the following 4D result:
R cd W cadb is conformal invariant and traceless. Certainly, in this case, we trivially get and in this case, we will have the same (3.25) result.
Regarding the second kind of arbitrariness, we note that because of the following identity: At this moment we would like to make a remark on the orders of taking different limits in the formulation: In [6], we followed the same argument in [7] that the type B anomalies do not contribute to the stress tensors in a conformally flat background because of the (at least) squared Weyl tensors. This implies that [6] [7] were actually limited to the order:
for the conformally flat case. For the order lim W →4 lim n→4 , one should argue firstly why the n → 4 limit is well-defined then use the argument of the squared Weyl tensors for the conformally flat case. The latter consideration is included in this paper. In fact, using the order lim n→4 lim W →0 was the hidden reason why
anomaly gives a separated contribution to the stress tensor in [7] . In [6] , we ignored c Now we discuss an additional ambiguity by observing the following identity 6 :
After the metric variation, one obtains
38)
6 Note the basic result δḡ µν = 2ḡ µν δσ implies δgµν δσ = 0 by considering a fixed g µν with respect to the conformal factor. in contrast to (3.33 ). This case gives
Moreover, the identity implies the following σ invariant form:
that can be freely added into (3.32) with an arbitrary coefficient α. In total it gives nonzero contribution to the stress tensor after the metric variation as given in (3.38). As before, we should further introduce an α Fixing the coefficient of D 2 R under a given scheme is needed to completely fix α.
Discussion
Let us relate this work with [9] , where a general (trial) solution to the differential equation (2.2) was given by
where we have expressed it under the same convention defined by (1.2). And
The corresponding results from the type A and type D anomaly parts agree with the results obtained from the dimensional regularization. The only mismatch part comes from the type B anomaly. The following is our explanation, which is again coming from the ambiguity. We note that the result (4.1) could be derived by varying the effective action given in eq(2.2 − 2.4) in [10] with respect to the metric. They are in fact the so-called dilaton actions. That is to say, we can re-produce (4.1) by simply adopting these dilaton actions in our formulation. However, there might be some potential issues. The first issue is that these dilaton actions were written down with the explicitly given σ. One uses these dilaton actions because their σ variations give the correct trace anomalies. However, in the context of the dimensional regularization, we see it is certainly not the only way to re-write the anomalies into σ-exact forms. Allowing the explicit σ to appear will generate more ambiguities. Moreover, there is another issue that was already mentioned in [10] (in the paragraph between eq(2.20 − 2.24)): They need to impose assumptions on the spacetime in order to deal with the metric variation on the explicit σ. However, the stress tensors are obtained from the metric variation. If we use the dilaton action, it might lose the spirit of the dimensional regularization where the results are fully expressed as curvature tensor forms instead of working out the σ's metric variation.
Finally, we would like to comment briefly on the relation between our present work with the corresponding holographic (AdS/CFT) approach ( [14] , [15] , [16] ). The ambiguities were in fact mentioned in [15] and [16] where one can add a local counterterm proportional to the trace anomaly and the coefficient of D 2 R term is arbitrary since it could be generated by adding an R 2 term in the action. A gravitational result can be used to match a field theory result only when a scheme is given. In the case of using Einstein gravity, these gravity results are applied to a 4 = c 4 . In particular, in [16] , they call the corresponding quantity (defined by the metric variation on 4D/6D trace anomalies) as h (4) for 4D and h (6) for 6D. They ignored these terms from time to time in their paper (refer to eq (3.15) and eq(3.16)) because of the ambiguity. Notice that the stress tensors obtained in [16] without using conformal flatness condition are only formal in the sense that g 4 in their eq (3.15) and g 6 in their eq(3.16) are in fact singular (we refer readers to the appendix A in [16] for the detailed expressions). Conformal flatness would provide g (4) = 1 4 g (2) and g (6) = 0.
Hence, one would have finite results. Presumably, a careful further regularization on the gravity side in general backgrounds would allow us to better compare the gravity results with field theory results discussed in this paper.
